The first-and second-order bistatic high frequency radar cross sections of the ocean surface with an antenna on a floating platform are derived for a frequency-modulated continuous wave (FMCW) source. Based on previous work, the derivation begins with the general bistatic electric field in the frequency domain for the case of a floating antenna. Demodulation and range transformation are used to obtain the range information, distinguishing the process from that used for a pulsed radar. After Fourier-transforming the autocorrelation and comparing the result with the radar range equation, the radar cross sections are derived. The new first-and second-order antenna-motion-incorporated bistatic radar cross section models for an FMCW source are simulated and compared with those for a pulsed source. Results show that, for the same radar operating parameters, the first-order radar cross section for the FMCW waveform is a little lower than that for a pulsed source. The second-order radar cross section for the FMCW waveform reduces to that for the pulsed waveform when the scattering patch limit approaches infinity. The effect of platform motion on the radar cross sections for an FMCW waveform is investigated for a variety of sea states and operating frequencies and, in general, is found to be similar to that for a pulsed waveform.
Introduction
The derivation of high frequency radar ocean surface cross sections has been studied for over four decades. The firstorder high frequency radar scatter cross section was developed and analysed in [1] . Later, Walsh and Gill [2] analysed the scattering of high frequency electromagnetic radiation of the ocean surface for a pulse radar. Then, Gill and Walsh [3] developed the bistatic radar cross section of the ocean surface. Following these analyses, the work was extended to the high frequency monostatic radar cross sections for an antenna on a floating platform [4, 5] .
All of the models mentioned above were developed specifically for pulsed radar. However, there are inherent disadvantages to using pulsed radar systems. For example, the detectable range capability is determined by the average transmitted power. In a pulsed radar system, both the range resolution and the average transmitted power are dependent on the pulse width. Narrower pulses, bringing better range resolution, require large peak powers to be useful at long range. Compared to this, FMCW radar systems are able to achieve satisfactory range resolution and long range with moderate peak power due to a 100% duty cycle. Thus, in recent years, FMCW radars have been widely used in ocean remote sensing applications.
A good summary of the digital processing of an FMCW signal for radar systems has been reported by Barrick [6] . Two processing techniques were analysed and compared. Based on that work, the design of a frequency-modulated interrupted continuous wave radar was described and implemented in [7] . Then, techniques for range and unambiguous velocity measurement for an FMCW radar were outlined in [8] . More recently, Walsh et al. [9] developed the first-and secondorder monostatic radar ocean surface cross sections for an FMCW waveform. Also, the first-order FMCW radar cross section model for mixed-path ionosphere-ocean propagation has been established and simulated in [10] .
In this paper, the first-and second-order bistatic radar ocean surface cross sections for an antenna on a floating platform and incorporating an FMCW source are presented. 
Figure 1: General (a) first-order and (b) second-order bistatic scatter geometry with antenna motion.
In Section 2, the derivation process of the first-and secondorder received electric field is reviewed. Then, a method similar to that in [3] is used to obtain the first-and secondorder radar cross section in Section 3. Section 4 contains model simulations and comparisons with the pulsed waveform. Section 5 provides conclusions.
Radar Received Field Equations

General First-and Second-Order Electric Field Equation.
By using a small displacement vector, ⃗ 0 = ( 0 , 0 ), to represent the sway motion of the platform (see Figure 1 ) and adding this small displacement in the source term, the first-order bistatic scattered field for the case of a floating transmitter and a fixed receiver appearing in [11] may be written for a vertical dipole source as
Here, 0 = Δ 2 / 0 is the dipole constant, with being the current on the dipole of length Δ .
and are the radian frequency and wavenumber of the dipole current, respectively, in a space with permittivity of 0 . ⃗ represents the Fourier coefficient of a surface component whose wave vector has magnitude and direction (i.e., ⃗ = ( , )). With reference to Figure 1(a) , ⃗ = ( , ) is a distance vector, pointing from the transmitter to the receiver without incorporating the platform motion.
= ( 1 + 2 )/2 and is the bistatic angle. represents the Sommerfeld attenuation function.
The second-order bistatic received electric field corresponding to the first-order found in (1) appears in [12] as
This expression accounts for the electric field arising due to the transmitted signal being scattered twice by the rough surface. ⃗ 1 and ⃗ 2 are the first and the second scattering wave vectors of the rough surface. The rough surface may be represented by a Fourier series with ⃗ 1 and ⃗ 2 being the Fourier coefficients associated with ⃗ 1 and ⃗ 2 , respectively. Here, ⃗ = ⃗ 1 + ⃗ 2 . Again, with reference to Figure 1 , defining ⃗ (̂2, ⃗ 1 ) =̂2 − ⃗ 1 allows to be expressed as [12] 
where
with Δ being the intrinsic impedance of the surface. At this stage, the current waveform on the dipole source has not been specified. 
The current waveform of an FMCW radar may be written as [6, 9] ( ) = 0
where 0 is the peak current and 0 = 2 0 is the center radian frequency of the sweep waveform. represents the sweep interval and the sweep rate may be expressed as = / where is the sweep bandwidth. ℎ is the Heaviside function.
It is known from [9] that, for an FMCW waveform,
By direct comparison with the corresponding first-order case for a pulsed dipole [11] , the first-order time domain electric field for an FMCW source may be written as
is renamed as to indicate that the time is within a sweep repetition interval ((2 − 0 )/ − /2, (2 − 0 )/ + /2). As stated in [6, 9] , the frequency difference between the transmitted waveform and the received waveform may be Fourier-transformed within this interval to obtain the range information. This is the so-called "range transform." Because the received signals in the given time interval reflect the information for an extremely large range of ocean surface, here range transformation is taken to accurately acquire a patch of ocean surface to analyse. The frequency difference may be obtained by the demodulation process, in which the transmitted signals and the received signals are mixed and then low-pass-filtered.
After the demodulation preprocess, the exponential factor (8) will be eliminated. Then, Fouriertransforming with respect to gives
where is the transform variable in the frequency domain. Here, it is helpful to define
Changing the integration variable from to and ignoring the 0 /2 factor in the magnitude terms give
Since the maximum of the sampling function Sa( ) occurs at = 0, a representative range may be defined as
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Based on the representative range, defining the corresponding range variable = − (13) and changing the integration variable from to , (11) becomes
where = 2 / and = / . A process similar to that in [11] is used to simplify the terms in the integral. Then, (14) reduces to
where 01 and 02 are representative values of 1 and 2 (see Figure 1 ), respectively. By directly comparing (15) with (24) in [9] , the first-order bistatic received electric field for an FMCW waveform with an antenna on a floating platform may be expressed as
±Δ are the symmetrical limits of the integral in (15) , where a sampling function dominates this integral. If only the values of within the main lobe of the sampling function are considered in the integral, that is, − /2 < < /2, it can be deduced as in [9] that Δ = Δ /2 = /4 . Consider Sm ( , cos 0 , , Δ )
where Si( ) = ∫ 0 (sin( )/ ) . Following a similar procedure to the first-order case, the second-order bistatic received electric field with a transmitter on a floating platform for an FMCW waveform may be written as
where 02 and 020 are the representative values of 2 and 20 , respectively. The symmetrical electromagnetic coupling coefficient, SE Γ , may be expressed as [12] 
with ⃗ (̂2, ⃗ 2 ) =̂2 − ⃗ 2 and
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A technique similar to that in [9, 11] is used to obtain the radar cross section from the received electric field equation. The initial step of the approach is to write the autocorrelation, ( ), as
where = ( 2 0 /4 ) , with being the gain of the receiving array. Here, represents the fixed patch over two sweep intervals, whose time interval is .
After Fourier-transforming the autocorrelation and comparing directly with the radar range equation, the radar cross section, 1 ( ), may be written as
where represents the th-order Bessel functions. For simulation purposes (see Section 4) and in keeping with [4, 11] , it will be assumed that the antenna motion is caused by the dominant ocean waves. , , and represent the antenna platform sway amplitude, frequency, and direction, respectively.
Second-Order Radar Cross Section.
It is known that the second-order radar cross section contains two portions: an hydrodynamic contribution and an electromagnetic contribution. Using the Fourier coefficient for the second-order ocean waves ∑ ⃗ 1 ∑ ⃗ 2 Γ ⃗ 1 ⃗ 2 to replace the first-order case ∑ ⃗ ⃗ in (16), the hydrodynamic second-order electric field may be written as
where Γ is the hydrodynamic coupling coefficient [13] , accounting for the coupling of two first-order ocean waves, whose wavenumbers are 1 and 2 , respectively. Adding the electromagnetic contribution (18) and the hydrodynamic contribution (24) together and using the time-varying ocean wave surface to replace the time-invariant case, the total second-order bistatic electric field for an FMCW source with an antenna on a floating platform may be expressed as
where Γ = SE Γ + Γ. Following the same procedure as for the first-order case, based on the total second-order time-varying received electric field (25), the corresponding second-order radar cross section, 2 ( ), may be obtained as 6 International Journal of Antennas and Propagation
Simulation and Discussion
Based on a Pierson-Moskowitz (PM) ocean spectral model [14] , the newly derived radar cross sections, accounting for antenna sway, can be simulated to illustrate the differences in the FMCW and pulsed waveform cases. The sweep bandwidth of the FMCW waveform is chosen as 50 kHz.
The operating frequency, defined as the central frequency of the FMCW waveform, is taken to be 25 MHz. The bistatic angle is 30 ∘ and the wind speed is 20 knots. The scattering ellipse normal and the wind direction are 90 ∘ and 180 ∘ , respectively, as measured from the positive -axis (the line connecting the transmitter with the receiver). The sway amplitude and frequency depend on the wind velocity, and in keeping with an example used earlier [4] , for the purpose of illustration, here these values are taken as 1.228 m and 0.127 Hz, respectively. The sway direction is chosen to be the same as the wind direction. Figure 2 shows a comparison of the first-order radar cross section for a pulsed source and that for an FMCW source. For the FMCW waveform, Δ = 1500 m, which equals half the width of the scattering patch (Δ = 3000 m) for the pulsed waveform, in order to keep the same bandwidth for both waveforms. A hamming window is used to smooth the curve and reduce the oscillations. From this figure, it can be observed that additional peaks caused by the antenna motion appear symmetrically in the Doppler spectrum with respect to the Bragg peaks. A detailed description and properties of these motion-induced peaks were discussed in [11] . It can also be seen that the magnitude of the radar cross sections for the FMCW waveform is a little lower than that for the corresponding pulsed waveform, which may be caused by the value of Δ . Δ is the limit value of the integral, where a sampling function dominates this integral. Δ is usually taken to be Δ = Δ /2, which means only the contributions in the main lobe of the sampling function are considered and no interaction between the range bins is assumed in the ideal case.
First-Order Radar Cross Section.
It is clear that the first-order radar cross section has a certain relationship with the integral limit Δ . In Section 2, it may be observed that there is no mathematical limit for the parameter Δ . By varying Δ , the effect on the radar cross section can be examined. Keeping the value of Δ = 3000 m, Δ = 0.5Δ and Δ = 10Δ are simulated in Figures 3(a) and  3(b) , respectively. It should be mentioned that the hamming window smoothing process is not used in Figure 3 in order to clearly show the side lobe levels of the first-order radar cross sections. The side lobe structure appears in the radar Doppler spectra due to the side lobes of the Sm function for the FMCW waveform. By comparing Figures 3(a) and 3(b), the magnitude of the side lobes for FMCW source is found to decrease with increasing Δ and the main lobe level is a little raised with increasing Δ due to the properties of the Sm function. This seems to indicate an advantage of an FMCW system. When the value of Δ is taken to be larger than Δ /2, the interactions between the range bins (the contributions in the side lobe of the sampling function) are considered and appear in the received electric field at a fixed distance. Increasing Δ means the received signal is scattered from a larger ocean surface region. When Δ approaches infinity, the radar cross section for the FMCW waveform becomes a rectangular function, whose width is determined by /(2 0 ). However, when the patch width Δ approaches infinity, the sampling functions in the first-order pulse radar ocean cross section reduce to delta functions.
By varying the radar bandwidth and keeping the relationships Δ = /2 and Δ = Δ /2, the effect of the bandwidth on the radar cross sections is illustrated in Figure 4 . From this figure, it can be seen that, with increased bandwidth, the magnitudes of the Bragg peaks and the motion-induced peaks are found to be reduced, while the rest of the radar cross section increases. In addition, the width of the Bragg peaks and the motion-induced peaks is also broadened. Therefore, if a large radar bandwidth is used for ocean remote sensing, the Bragg peaks may be significantly contaminated by the motion-induced peaks.
Second-Order Radar Cross Section.
A similar technique is used to simplify and simulate the second-order radar ocean cross section for the FMCW waveform as that for the pulsed waveform in [12, 15] . For the case of large Δ , it can be shown that
and carrying out the integration, (26) reduces to 2 ( ) = 64 Equation (29) is exactly the same as the corresponding model for the pulsed waveform when the scattering patch Δ approaches infinity. Therefore, the second-order cross section model for the FMCW waveform shows the same features in the Doppler spectra as the model for the pulsed waveform in [12] , for a given sea state, radar operating parameters, and platform motion. An example of the second-order bistatic radar cross section with a transmitter on a floating platform and a fixed receiver is shown in Figure 5 , for the case of the scattering patch being assumed to be infinite in extent.
Conclusion
The first-and second-order bistatic radar ocean cross sections for an antenna on a floating platform have been presented for the case of an FMCW waveform. In the derivation process, the first-and second-order models begin with the bistatically received electric field equations derived in [11, 12] . Subsequently, the derivation is carried out for an FMCW radar, which is different from [11, 12] where a pulsed radar is considered. In particular, the distinguishing feature between the current work and that presented earlier is that demodulation and range transformation must be used to obtain the range information. Based on the new models, simulations are made to compare the radar cross sections for the FMCW waveform with that for the pulsed waveform. It is found that the first-order radar cross section for the FMCW waveform is a little lower than that for a pulsed source with the same simulation parameters. With increased radar operating bandwidth, the magnitude and width of Bragg peaks and motion-induced peaks are found to be reduced and broadened, respectively. For an FMCW waveform, there is no definite mathematical limit for a patch width, which is different from that for a pulsed waveform. Therefore, the magnitude of the range bin is varied to examine the effect on the radar cross section. The side lobe level is found to be reduced with increasing magnitude of the range bin. When the range bin approaches infinity, the first-order radar cross section for an FMCW waveform approaches a rectangular function and the second-order radar cross section model for the FMCW waveform is reduced to that of the pulsed waveform.
